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Average vs. Instantaneous Velocity

5 A

|
slope of secant line
- = average velocity

slope of tangent
= Instantaneous velocity
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Velocity Application

Suppose a ball is dropped from upper deck of CN Tower,450m above the ground.
Find the velocity of the ball after 5 seconds. Use the model s(t) = 4.9¢°

average velocity = m instantaneous velocity = m,,,
~8(5.1)=s(5)
— 51_5 Technique
4.9(5. 1)2_4.9(5)2 Make / infinitely small.

5.1-5 . o
Use a LIMIT to make distance infinitely small
127.449-122.5
a + h Vavg 1
5.1 49.49 =49.49 m/s

5.01 49.049
5.001 49.0049
4.999 48.995

guess: instantaneous velocity 1s 49m/s



Instantaneous Velocity as a Derivative

/

same as slope of tangent line at a

fla+h)r

f(a+h)—f(a)

vinst :f'(a) — lhlil(}

a+h — &
difference quotient
f(a)
0 / a a-+th = (same as rate of change at a)
e h —



Definition of the Derivative — Formula w ‘@’
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ex: Find the derivative of f(x)=x>-8x+9at x=a. fla)y=a —8a+9
fla+h)= (a+h)Y’-8(a+h)+9
=a’ +2ah+h*—8a—8h +9

lim a*+2ah+h —8a—8h+9— (a’ —8a+9)

— h—>0
h
_lim A +2ah+h —$6-8h+% — A +8G6-5
h—0
h
— lim 2ah +h> —8h
h

h—0
:limk(2a+h—8) =lm(2a+h—-8) =2a+0-8 =
h—0 h—0

f'(a)zlhiil(}f(a_l_h}z_f(a)

2a—8




Derivative Example with Slope

ex. Find the slope of the tangent lineto y=4x—x" ata=1

using the definition of the derivative.

m:hmf(Hh)—f(l)

f (1+h;H=04(l+h)h—(l+h)2
=4+4h—(1+2h+h?)
=4+ 4h—1-2h— I
=3+2h—-h’

B+2h—h" =X

m = Iim
h—0 h

fla+h)—f(a)

m = lim
h—0

h

Follow up question:
Find equation of this tangent line.

use | Y=y =m(x—x,)

y=3 =2(x-1)
y =2x-2 +3

tangent line: y =2x+1

(,

where (x,,1,) = (a, f(a))

5)



General Definition of the Derivative

f'(a)zlhii%f(a+h]z_f(a) j f'(x):gi%f(x+hh)_f(x)

ex: Find the general derivative of f(x)=x"—x f(x+h)=(x+h)’=(x+h)

£1(x) = lim A3 h+3xh + W A= h -+ 2

h—0
h

i 37 +3xh+ b’ 1)
h—0 /](

= lim(3x° + S 4 1)

f(x)=3x" -1




General Definition of the Derivative — Example 2

ex: Find the general derivative of f(x) = NES

J(x

f(x+h)=x+h

multiply by conjugate

J'(x)=1lim

Jxt+h)— f(x)
h

):lim \/x+h—\/; .\/x+h +\/;

h—0 h

1
_fim _ 2K

Jx+h+x

;HO},(/WJM/;)

_ lim I

>0 [x+h++/x

1

Vx+0++x

1
NCENE

2Jx




Derivative Exceptions

/X l / has a derivative

a function 1s not differentiable where there 1s a:

>

1. corner

2. discontinuity
not differentiable at x = 0

3. vertical tangent

A\ f\ jump discontinuity A removable discontinuity
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not differentiable at x = a




